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ABSTRACT 
This paper is concerned with the identification of the dynamic characteristics 
of a continuous structure. It presents the Transfer Matrix Method (TMM) as 
an alternative approach to determine the structural properties of a single-
line type structure. Firstly, a TMM is introduced to model and describe the 
dynamics of a continuous structure. An algorithm based on this method is then 
developed and applied to a real automotive exhaust system which represents a 
complex continuous structure in order to obtain the natural frequencies and the 
corresponding mode shapes. The results are then validated through simulation 
model using the Finite Element Method via commercially available software. 
Both methods yield very comparable results and, hence, prove the developed 
algorithm as a notable alternative solution. 
Keywords: Transfer Matrix Method, Continuous Structure, Exhaust System, 
Natural Frequency, and Mode Shape, NASTRAN/PATRAN 
Introduction 
Structural vibration presents a major hazard and sets a design limitation for 
a very wide range of engineering components today [1]. Structures where 
structural integrity is of paramount concern such as turbine blades, crankshafts, 
suspension bridges thorough understanding and precise knowledge of the 
dynamic characteristics is essential. Performance of structures or structural 
assemblies that is related to vibration may induce malfunction during excessive 
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motion or may cause induces disturbances or discomfort. It is important that 
the vibration levels during machine operation be anticipated and brought under 
satisfactory control. 
The identification of the dynamic characteristics of structures has been 
the subject of numerous investigations [2, 3]. Many different methods are 
used to predict, describe and assess vibration or dynamic characteristics of 
components and offer a larger number of tests with different parameters and 
configurations [4-6]. On the other hand, by using only a single model of a 
certain product, a number of in-depth studies on dynamic characteristics of 
the product could be easily carried out by only manipulating or changing 
the parameters or configurations of the single model developed [7-10]. The 
most powerful and most widely used numerical method in structural analysis 
is the finite element (FE) method. Most of the vibration analysis [11, 12] 
was carried out using commercially available software such as PATRAN/ 
NASTRAN, HYPERWORKS, ABAQUS and ANSYS [2], to model and solve 
dynamics related problems for both small and large scale structures. The main 
disadvantages of implementing these software packages using finite element 
method are that they not only require powerful computing power to handle but 
also highly trained personnel to operate in addition to its high cost. 
The finite element method (FEM), boundary element method (BEM), 
acoustic filter and transfer matrix method [13], transfer matrix method with 
BEM [14], multi-domain BEM [5], and multi-domain structural-acoustic 
coupling analysis [15] have been applied successfully to the analysis and 
design of complicated acoustic systems. It is therefore, the intent of this study 
to apply modal analysis utilising the Transfer Matrix Method (TMM) on single 
line type structures to identify the corresponding dynamic characteristics such 
as natural frequencies and mode shapes [15, 16]. A number of assumptions 
have to be made for modelling of such structures in particular such as length, 
cross-sectional diameter and twisting angles [14,17] and thermal expansion and 
gaseous interaction is not considered. A particular interest in our present study 
is the exhaust system of an automobile. 
Derivation of Transfer Matrices of Continuous System 
In the conventional modelling approach for identifying structural model 
parameters, the structural dynamics or governing equations are expressed in 
terms of the vibration modes only. This paper, however, introduce a Transfer 
Matrix Method (TMM) which is based on a wave solution of a continuous 
system. This method allows the use of a large number of elements, without 
getting involved with large matrices and easily extended for structures with 
complicated cross-section such as automobile exhaust system which is used 
in this study. The assumptions made in this study are that the system is 
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homogeneous and the material has both elastic and isotropic property. The 
equations of motion are derived using wave equations of longitudinal vibration 
and lateral vibration of beams (Euler's beam equation). The equations are then 
translated into matrix form and were used to calculate the natural frequencies 
and mode shapes of a continuous system. The derivation is based on free-free 
boundary conditions. 
In this study, an automobile exhaust system is modelled as a continuous 
system and is analysed using Transfer Matrix Method in a three-dimensional 
element. Figure 1 shows the variables and the coordinates for the beam element 
whereby the transfer matrix between point a and point b has a relation given 
as follows. 
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Figure 1: Schematic Diagram of a Single Element 
{Z)n = \B\{Z}n_t 
{Z}b = [B\{Z}a 
(1) 
(2) 
where, [B]n is the transfer matrix of an element, {Z}a is the state vector at point 
a and {Z}b is the state vector at point b. State vector and state variables at a and 
b are expressed, respectively as 
{Z} ={u,v,w,0,0,0,M,M, T, V, V, N} T 
1
 J A <- ' ' ' x7 y7 z7 z ' y7 7 z7 y7 } a 
{Z}h = {u,v,w,0,0,0,M,M, T, V, V,N}hT 
i ) fj t. ? ? 7 x7 y7 z7 z7 y7 7 z7 y7 > b 
Transfer Matrix for the element n is given as follows: 
(3) 
(4) 
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(5) 
The Axis Transformation Matrix 
Let, [U]n be the transformation matrix of the state vector {Z}n and [B]n be the 
transfer matrix for the element transformation axis. The related equation of 
transfer matrix for the total element can be transferred by its definition through-
out from one end to the other end of the element as follows; 
{Z}„ = [[/]„ {Z}^ (6) 
{Z}n = [TX[Ty\{Z}„.x (7) 
(1) a-rotation about Z-axis of each node: 
{Z}n=[TX{Z}n_{ (8) 
where: 
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(2) (3-rotation about Y-axis of each node: 
{Z}„ = [TX {Z}„_, 
where: 
[T] 
cogff 0 sintf 0 0 0 
0 1 0 0 0 0 
shy? 0 cos3 0 0 0 
0 0 0 co^ 0 sintf 
0 0 0 0 1 0 
0 0 0 -sintf 0 costf 
0 0 0 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
co^? 0 sin/? 
0 0 0 0 1 0 
0 0 0 -sin# 0 cos3 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
co^ 0 sin# 
0 1 0 
0 0 0 0 0 0 -siry? 0 cogff 
(9) 
(10) 
(11) 
Matrix Relationship between the State Vectors 
The resulting transfer matrix, relating the state vector at the beginning and the 
end of the element is obtained by rearranging equation (1), (6), (8) and (10), 
to form 
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{Z}n = [Bl[TX[Ty]„{Z}^ (12) 
{Z}n = [B)n[U]JZ}^ (13) 
{Z}n = [H]JZ}rh.1 (14) 
From the equation (14) the state vector at a typical element n, can be related 
to the state vector at the boundary of the problem, that is, 
{Z}n = [HHn_x H2HX]{Z}0 (15) 
Matrix Relations between the State Vectors of the 
Exhaust System 
In the present, the exhaust system was idealised into 52 elements and 53 nodes. 
The matrix relations between the state vectors for the exhaust system are as 
follows: 
{Z}52 = [H52H5lH50 H2H{]{Z}0 (16) 
The Transfer Matrix Method, {Z}n = [HnHnl H2 H}] {Z}0 as shown 
in equation (15) was developed based on Euler's beam equation with the field 
transfer matrix size [H]n is 12 rows by 12 columns. Meanwhile for the state 
vector size [Z\n is 12 rows by 1 column. The exhaust system with free-free end 
condition as shown in Figure 2(b) was idealised into a set of joined structures 
consisting of round beam cross-section with 52 elements and 53 nodes. From the 
52 elements, 50 elements were used for the idealisation of the pipe and tailpipe 
sections and the rest for the muffler and resonator sections. Since the diameter 
size of the pipe and tailpipe is different from that of the muffler and resonator, 
different diameter sizes of element were used to idealise the different sections of 
the exhaust system with resonator section that are located in 4th and 37th element 
with different elemental diameter size, respectively. 
The natural frequencies and mode shapes of the exhaust system can then 
be determined through the following matrix equation. 
Figure 2(a): Exhaust System Model 
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• = node 
1—52 = element 
--^-Ji 
Figure 2(b): Idealized Exhaust System Model 
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(17) 
Considering the idealised structure as free-free at both ends, the boundary 
conditions of equation (17) are such that M = 0 and V= 0. Therefore the resulting 
Transfer Matrix for the dynamic characteristics for the analysis of the present 
exhaust system is finally obtained as follows. 
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For a nontrivial solution, the determinant of the coefficients of equation 
(18) must be 0 which yields: 
4th element is the 
section where muffler 
is located 
37 element is the 
section where 
resonator is located 
Y 
Figure 3: The Idealised Exhaust System for Transfer Matrix Method Analysis 
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# n 
H2l 
# 3 1 
H4l 
# 5 1 
# 6 1 
Hn 
H22 
H32 
H42 
# 5 2 
# 6 2 
# , 3 
# 2 3 
# 3 3 
# 4 3 
# 5 3 
# 6 3 
# 1 4 
# 2 4 
# 3 4 
# 4 4 
# 5 4 
# 6 4 
# ! 5 
# 2 5 
# 3 5 
# 4 5 
# 5 5 
# 6 5 
# 1 6 
# 2 6 
# 3 6 
# 4 6 
# 5 6 
# 6 6 
The expansion of the above determinant results in an «th-degree polynomial 
which is referred to as the frequency or characteristic equation. The roots of 
this characteristic equation give the required eigenvalues of the system which 
can be computed by root finder algorithm such as the one developed using 
FORTRAN in this study. 
The corresponding eigenvectors are obtained by substituting the eigenvalues 
computed using equation (19) back into equation (18). 
Simulation Model and Analysis 
This section presents the FEM of such continuous structure as an exhaust system. 
For the intended analysis, MSC PATRAN/NASTRAN commercial software 
is used to model and identify the dynamic characteristics of the automobile 
exhaust system. The investigation is carried out based on the same assumptions 
and properties. 
The exhaust system is modelled as shown in Figure 2(a) through the 
application of the Pre-processor MSC PATRAN/NASTRAN. Initially, all the 
necessary data required for the analysis such as structural coordinates, diameter, 
length and material properties are keyed in into the Pre-processor. The values 
of the parameters for the material used are E = 200 GPa, G =1200 Gpa, / = 
8.95E-6 m4. The position of the catalytic converter is at node no 36 whereas 
the muffler at node no 4. 
The beam element method that is available in the Pre-processor is used to 
model the exhaust system as a single line structure. This model is then analysed 
by converting CB ARs to CBBEAMs through the translation parameters available 
in the icon analysis. 
The solution type is chosen by considering the analysis type under normal 
mode. Meanwhile eigenvectors are the output requested in the analysis that allows 
the natural frequencies and mode shapes to be calculated. Upon completion of 
all the necessary steps in the analysis stage, the result is obtained through the 
computer Post-processor. For practical purpose, the frequency range analysis 
of the exhaust system is set from 1 Hz to 50 Hz. 
A(fi>) = 
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Results and Discussions 
The results of the dynamic characteristics analysis obtained using the developed 
Transfer Matrix Method and the computer simulation from commercial software 
(MSC PATRAN/NASTRAN) are depicted in Table 1. The analysis of the results 
and comparisons are made for the first five natural frequencies and mode shapes 
of the exhaust system. Table 1 shows the comparison results of the natural 
frequencies of the exhaust system calculated from the Transfer Matrix Method 
and computer simulation. In general, the results show a very good agreement 
with discrepancies error less than 6 percent. 
Table 1: Natural Frequencies of the Exhaust System 
Mode 
1st 
2nd 
Ord 
4* 
5th 
Transfer Matrix 
(Hz) 
8.05 
8.43 
19.53 
30.58 
38.56 
Computer 
Simulation (Hz) 
7.95 
8.92 
19.88 
30.83 
39.13 
Errors 
(Hz) 
0.10 
0.49 
0.35 
0.25 
0.57 
Error 
(%) 
1.2 
5.4 
1.8 
0.81 
1.5 
The maximum error for the natural frequencies in Hertz is only 0.57Mz (51 
mode) while in percentage is only 5.4% (2nd mode). 
Conclusion 
An alternative method using Transfer Matrix Method for the identification of 
the dynamic characteristics of a continuous system or single line type structure 
is investigated. A Transfer Matrix Method based on Longitudinal Vibrations 
and Lateral Vibrations of beams is successfully derived and applied to identify 
the dynamic characteristics of a continuous system. 
The numerical simulations of an automobile exhaust system using the 
developed algorithms based on TMM and commercially available software 
such as MSc PATRAN/NASTRAN are successfully obtained. It is found that 
the natural frequencies for the first five modes are in good agreement. It has 
been demonstrated that the Transfer Matrix Method is not only capable for 
analysing a complex structure, but has qualitative efficiency and capabilities 
as well. Furthermore, the mode shapes obtained from both methods also show 
closed agreement with each other. For such a complex structure as an exhaust 
system, the accuracy obtained is considered good. 
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Results and Discussions 
The results of the dynamic characteristics analysis obtained using the developed 
Transfer Matrix Method and the computer simulation from commercial software 
(MSC PATRAN/NASTRAN) are depicted in Table 1. The analysis of the results 
and comparisons are made for the first five natural frequencies and mode shapes 
of the exhaust system. Table 1 shows the comparison results of the natural 
frequencies of the exhaust system calculated from the Transfer Matrix Method 
and computer simulation. In general, the results show a very good agreement 
with discrepancies error less than 6 percent. 
Table 1: Natural Frequencies of the Exhaust System 
Mode 
1st 
2nd 
3rd 
4th 
5th 
Transfer Matrix 
(Hz) 
8.05 
8.43 
19.53 
30.58 
38.56 
Computer 
Simulation (Hz) 
7.95 
8.92 
19.88 
30.83 
39.13 
Errors 
(Hz) 
0.10 
0.49 
0.35 
0.25 
0.57 
Error 
(%) 
1.2 
5.4 
1.8 
0.81 
1.5 
The maximum error for the natural frequencies in Hertz is only 0.57Hz (51 
mode) while in percentage is only 5.4% (2nd mode). 
Conclusion 
An alternative method using Transfer Matrix Method for the identification of 
the dynamic characteristics of a continuous system or single line type structure 
is investigated. A Transfer Matrix Method based on Longitudinal Vibrations 
and Lateral Vibrations of beams is successfully derived and applied to identify 
the dynamic characteristics of a continuous system. 
The numerical simulations of an automobile exhaust system using the 
developed algorithms based on TMM and commercially available software 
such as MSc PATRAN/NASTRAN are successfully obtained. It is found that 
the natural frequencies for the first five modes are in good agreement. It has 
been demonstrated that the Transfer Matrix Method is not only capable for 
analysing a complex structure, but has qualitative efficiency and capabilities 
as well. Furthermore, the mode shapes obtained from both methods also show 
closed agreement with each other. For such a complex structure as an exhaust 
system, the accuracy obtained is considered good. 
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Figure 4: ISO View- 1st Mode Shape of Exhaust System 
Figure 5: ISO View- 2nd Mode Shape of Exhaust System 
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Figure 6: ISO View- 3rd Mode Shape of Exhaust System 
Figure 7: ISO View- 4th Mode Shape of Exhaust System 
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Figure 8: ISO View- 5th Mode Shape of Exhaust System 
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